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Overview 

  Large deviations results on Gaussian random fields 

  Euler characteristic of excursion sets of Gaussian random 
fields 

  Simulation of excursion probabilities 

  Further discussions 
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Random Field in a Compact Set 

  Gaussian random field, 

 where T     Rd is a compact set. 
    

    

  f(t,ω) is almost surely twice differentiable with respect to t. 
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Excursion Probability 

  Interesting probability 

 as b ! 1. 
  More generally, 

 where Γ(¢) is bounded. 
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Excursion Probability – Borell-TIS Theorem 
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Excursion Probability 

  Borell-TIS theorem – crude upper bound 

  Trivial lower bound 

  Very rough approximation 
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Excursion set 

  Excursion set 

  Equivalently 
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Euler Characteristics – One Dimension 
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Euler Characteristics – Two Dimension 
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Euler Characteristics of Excursion sets 

  Taylor and Adler (2003) for stationary twice differentiable fields 

  Sharp asymptotics 

 k=dim(T) 
  Pickands (1969), Piterbarg (1995) 
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Simulation of Random Fields 

  Conceptual challenge: infinite object 

  Discretize the space T, {t1,…,td} 

  Karhunen-Loeve expansion 

  Asmussen, Blanchet, Juneja, and Rojas-Nandayapa (2008) 
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Maximum of Multivariate Gaussian 
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Two Dimensional Example 
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The Change-of-measure 

  Intuition: the excursion is caused by one component being 
large 

  The proposed change of measure 
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Efficiency 
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Finite Karhunen-Loeve expansion 

    

  Simulate Z1,…, Zn 

  Propose change-of-measure 
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Efficiency 
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Example 



Example 



The discretization 

  Depending on the smoothness of the field 
  Discretize the space T, {t1,…,td} 

  Twice differentiable fields: d = O(bk) 

  Karhunen-Loeve expansion 

  n=O(log(b)) 
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Summary 

  Large deviations probabilities of Gaussian random fields 

  Euler characteristic of excursion sets 

  Efficient simulation of high excursion probabilities 
  Discretize the space T 
  Finite Karhunen-Loeve expansion 

  Discussion of discretization 


